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Given an associative ring R and a torsion pair (T ,F) in the category of right R-modules,
the heart H(T ,F) associated with (T ,F) is an abelian subcategory of the bounded
derived category Db(R). In the present paper we deal with the problem of when H(T ,F)
is equivalent to a category of modules. We show that if (T ,F) is a faithful torsion pair,
or, in the general case, if R is right poised and semiperfect, then H(T ,F) is equivalent to
a category of modules if and only if T and F are naturally associated with a complex in
Db(R) of length two with ﬁnitely generated projective terms.
© 2012 Elsevier B.V. All rights reserved.
0. Introduction
Let R be an arbitrary associative ring with 1 = 0. We denote by Mod-R the category of right R-modules and by Db(R)
its bounded derived category. The category Db(R) is in general not abelian, but it can be given a structure of triangulated
category, in which, roughly speaking, the short exact sequences are substituted by triangles [8,13].
Let (T ,F) be a torsion pair in Mod-R , and denote by H(T ,F) the heart of the bounded t-structure associated with (T ,F)
[1, Deﬁnition 1.3.1]. It is a full subcategory of Db(R). In [1, Theorem 1.3.6] Beilinson, Bernstein and Deligne proved that
H(T ,F), and more generally, the heart of any t-structure, is an abelian subcategory of Db(R). The exact sequences in
H(T ,F) coincide with the triangles in Db(R) with terms in H(T ,F).
An abelian category is equivalent to a module category if and only if it is cocomplete and admits a small projective
generator [11]. Many papers deal with the problem of understanding when the heart of the bounded t-structure associated
with a torsion pair is equivalent to a module category, in different frameworks (see for example [2,7,9,3,4]).
For instance Happel, Reiten and Smalø in [7] proved, in particular, that if a torsion class in the category of ﬁnitely
generated modules over an Artin algebra is cogenerating, i.e., it contains all injective modules, then the heart is equivalent
to a module category if and only if the torsion class is generated by a tilting module. The dual case of when the torsion free
class is generating, i.e., it contains all projective modules, is considered in [4]. In particular it turns out that if R is artinian,
the heart is equivalent to a category of modules if and only if the torsion class X is generated by a ﬁnitely presented
R-module V which is tilting in Mod-R/Ann(V ).
In [9] Hoshino, Kato and Miyachi associate with any complex P • := P−1 → P0 in Db(R), where the Pi ’s are ﬁnitely
generated projective modules, a couple of classes X (P •) and Y(P •) of right R-modules. They prove that if (X (P •),Y(P •))
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right modules over the ring EndDb(R)(P •). The aim of this paper is to obtain a converse of the above result.
Following [12], a ring is called right poised (originally pondéré à droite) provided the small right R-modules (i.e. the
modules MR such that the functor HomR(M,−) commutes with the direct sums) are ﬁnitely generated. The right noetherian
rings [12] and the right perfect rings [5, Corollary 1.6] are right poised.
We prove that if R is right poised and semiperfect, or if R is arbitrary but the torsion pair (T ,F) in Mod-R is faithful,
the heart of the bounded t-structure associated with a torsion pair (T ,F) in Mod-R is equivalent to a category of modules
if and only if (T ,F) = (X (P •),Y(P •)) for a suitable complex P • = P−1 → P0 with the Pi ’s ﬁnitely generated projective
right R-modules.
1. Preliminaries
Given an associative ring R , we denote by C(R) the category whose objects are the complexes of right R-modules and
whose morphisms are the morphisms of complexes. The homotopy category K(R) has the same objects of C(R) and as
morphisms the homotopy equivalence classes of morphisms in C(R). The derived category D(R) is obtained from K(R) by
formally inverting all quasi-isomorphisms, i.e. those morphisms in K(R) which induce isomorphisms among the cohomolo-
gies.
The category D(R) is endowed with a translation functor X• → X•[1] (deﬁned by (X•[1])n = (X•)n+1), and with a struc-
ture of triangulated category naturally inherited from the homotopy category K(R) (see [8,13] for a detailed introduction to
triangulated categories).
In the sequel we will focus on the bounded derived category Db(R): it is the full subcategory of D(R) consisting of
complexes whose cohomologies are zero almost everywhere. For any X• ∈Db(R) we denote by Hi(X•) the ith-cohomology
of the complex X• . We recall that a morphism in Db(R) from a complex with projective terms is a morphism in the
homotopy category K(R), and it is the zero morphism if and only if it is homotopic to zero.
Given a right R-module M we denote by M[i] the complex in Db(R) with zero terms everywhere except for M in
degree −i; we often shortly denote by M the complex M[0].
A torsion pair in Mod-R is a couple (T ,F) of classes of right R-modules satisfying the following properties:
(i) HomR(T ,F) = 0;
(ii) for all M ∈ Mod-R there exists a short exact sequence
0 → T → M → F → 0
with T in T and F in F .
The torsion pair (T ,F) is called faithful if R ∈ F . The torsion class T is closed with respect to direct sums, epimorphic
images and extensions; the torsion free class F is closed under direct products, submodules and extensions. For any M in
Mod-R , we denote by TM and FM the torsion part and the torsion free part of M , respectively, with respect to the torsion
pair (T ,F).
With any torsion pair (T ,F) in Mod-R we can associate the following full subcategory of Db(R)
H(T ,F) := {X• ∈Db(R): H−1(X•) ∈F, H0(X•) ∈ T , Hi(X•)= 0 ∀i = −1,0}.
It is called the heart of the bounded t-structure associated with (T ,F) or, shortly, the heart associated with (T ,F). From [1,
Theorem 1.3.6] it follows that H(T ,F) is an abelian category. In particular, a sequence 0 → A• → B• → C• → 0 in H(T ,F)
is short exact if and only if A• → B• → C• → A•[1] is a triangle in Db(R). It follows that, given A• , C• in H(T ,F), the
Yoneda Ext1H(T ,F)(C
•, A•) coincides with HomDb(R)(C•, A•[1]); this is not anymore true for higher extensions [6, IV.4.13
and Exercise IV.4.1].
In the sequel we will use the following notation: given a right R-module V , we denote by Gen V the class of modules
generated by V :
• Gen V = {M ∈ Mod-R: V (α) → M → 0 is exact for a suitable cardinal α}.
2. Main section
2.1. Some general results
Let R be an arbitrary associative ring and A• := A−1 → A0 be a complex in Db(R) with both A−1 and A0 ﬁnitely
generated projective modules. In [9] Hoshino, Kato and Miyachi associated with such a complex the following two classes
of right R-modules
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(
A•,M[1])= 0}, and
Y(A•)= {M ∈ Mod-R: HomDb(R)
(
A•,M
)= 0}.
They study under which conditions (X (A•),Y(A•)) is a torsion pair and they prove that in such a case the heart
H(X (A•),Y(A•)) is equivalent to a module category, precisely the category Mod-EndDb(R)(A•).
Deﬁnition 2.1. We say that a torsion pair (X ,Y) in Mod-R is HKM if there exists a complex A• := A−1 → A0, with A−1
and A0 ﬁnitely generated projective modules, such that (X ,Y) = (X (A•),Y(A•)).
For the rest of the paper let us assume that (T ,F) is a torsion pair in Mod-R whose heart H(T ,F) is equivalent to a
module category. We want to prove that, under natural conditions, necessarily (T ,F) is an HKM-torsion pair.
Since H(T ,F) is equivalent to a module category, then it contains a small projective generator P ; it is H0(P) ∈ T ,
H−1(P) ∈F , and Hi(P) = 0 for each i = 0,−1. Then P is quasi-isomorphic to a complex with projective terms
P := · · · → P−n d
P−n−−→ P−n+1 → ·· · → P−1 d
P−1−−→ P0 → 0.
Proposition 2.2. T = Gen H0(P) and F = KerHomR(H0(P),−).
Proof. Since T is a torsion class and H0(P) belongs to T , we have T ⊇ Gen H0(P). Let X be an arbitrary object of T . The
complex P generates all the objects in H(T ,F), in particular the stalk complex X[0]. Therefore there exists a short exact
sequence 0 → K • →P(α) → X[0] → 0 in H(T ,F), i.e. a triangle K • →P(α) → X[0] → K •[1] in Db(R). Looking at the long
exact sequence of cohomology associated with this triangle, we get the following exact sequence in Mod-R
H0
(P(α))= H0(P)(α) → X → 0.
Since Gen H0(P) is closed under homomorphic images, we have X ∈ Gen H0(P) and hence we get Gen H0(P) = T . Since
(T ,F) is a torsion pair, then we conclude also F = KerHom(H0(P),−). 
Lemma 2.3. Let X ∈ T . Any f ∈ Hom(P−1, X) such that f ◦ dP−2 = 0 extends to P0 .
Proof. If f ◦ dP−2 = 0, then we have the following morphism fˆ of complexes in Db(R):
· · · P−2
dP−2 P−1
f
dP−1 P0 0
· · · 0 X 0 0
It is an element of HomDb(R)(P, X[1]) = Ext1H(T ,F)(P, X); since P is projective in H(T ,F), fˆ = 0 and hence f extends
to P0. 
Proposition 2.4. Ext1R(H
0(P), X) = 0 for any X in T .
Proof. Let us extend the morphism P−1
dP−1→ P0 to a projective resolution of H0(P):
P •H0(P) := · · · → P ′−2
d−2−−→ P−1 d
P−1−−→ P0 (→ H0(P))→ 0.
Since Ext1R(H
0(P), X) = HomDb(R)(P •H0(P), X[1]), any extension of X by H0(P) is determined by a morphism of complexes
φ : P •
H0(P) → X[1], i.e., by a morphism of modules φ−1 : P−1 → X such that φ−1 ◦d−2 = 0. Being Imd−2 = KerdP−1 ⊇ ImdP−2,
by Lemma 2.3 we conclude that φ is homotopic to zero and hence Ext1R(H
0(P), X) = 0. 
If the torsion pair (T ,F) is faithful, the heart H(T ,F) admits a particularly simple small projective generator:
Lemma 2.5. ([4, Lemma 4.1]) If (T ,F) is a faithful torsion pair, H(T ,F) admits a small projective generator 0 → R−1 → R0 → 0
with the R0 and R1 ﬁnitely generated projective R-modules.
Let now (T ,F) be an arbitrary torsion pair.
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Proof. Let Mi , i ∈ I , be a family of right R-modules and f : H0(P) →⊕i∈I Mi be an arbitrary morphism. Since H0(P)
belongs to T , f factorizes through a morphism fˆ : H0(P) →⊕i∈I TMi . The map fˆ induces the following morphism P →⊕
i∈I TMi in H(T ,F):
· · · P−1 P0 0
H0(P)
· · · 0 ⊕i∈I TMi 0
Since P is small in H(T ,F), the latter factorizes through a morphism P →⊕i∈S TMi for a suitable ﬁnite subset S of I .
Therefore also fˆ (resp. f ) factorizes through a morphism H0(P) →⊕i∈S TMi (resp. H0(P) →
⊕
i∈S Mi). 
Lemma 2.7. If P = · · · → P−2 → P−1 → P0 → 0 is a small projective generator of H(T ,F) with the term P0 ﬁnitely generated,
then the module P−1/ ImdP−2 is small in Mod-R.
Proof. We have to prove that, for any family of right R-modules {Mλ}λ∈Λ , a morphism ϕ in HomR(P−1/ ImdP−2,
⊕
λ∈ΛMλ)
factorizes through a ﬁnite direct sum of the Mλ ’s.
First we assume that
⊕
λ∈ΛMλ is a torsion module. By Lemma 2.3, any map ϕ ∈ HomR(P−1/ ImdP−2,
⊕
λ∈ΛMλ) extends
to a map ψ ∈ HomR(P0,⊕λ∈ΛMλ). Since P0 is ﬁnitely generated, ψ and so ϕ factorize through a ﬁnite direct sum of
the Mλ ’s.
Suppose now that
⊕
λ∈ΛMλ is torsion-free. Any ϕ ∈ HomR(P−1/ ImdP−2,
⊕
λ∈ΛMλ) induces a morphisms ϕ in H(T ,F)
between P and the stalk complex (⊕λ∈ΛMλ)[1]. Since P is small in H(T ,F), ϕ factorizes through a stalk complex
(
⊕
λ∈S Mλ)[1] for a suitable ﬁnite subset S ⊆ Λ. Thus ϕ factorizes through a ﬁnite direct sum of the Mλ ’s.
Let now
⊕
λ∈ΛMλ be a module with non-trivial torsion and torsion-free parts. Let us consider the exact sequence
0 →
⊕
λ∈Λ
TMλ
i→
⊕
λ∈Λ
Mλ
π→
⊕
λ∈Λ
FMλ → 0.
Given ϕ ∈ HomR(P−1/ ImdP−2,
⊕
λ∈ΛMλ), π ◦ϕ factorizes through a ﬁnite sum
⊕
i=1,...,n FMλi . Then π ◦ϕ = π ◦
∑
i=1,...,n ϕi ,
where ϕi denotes the composition of ϕ and the projection of
⊕
λ∈ΛMλ on Mλi . The morphism ϕ −
∑
i=1,...,n ϕi belongs to
HomR(P−1/ ImdP−2,
⊕
λ∈ΛTMλ ) and hence factorizes through a ﬁnite sum of the TMλ ’s. Therefore, ϕ = (ϕ −
∑
i=1,...,n ϕi) +∑
i=1,...,n ϕi factorizes through a ﬁnite direct sum of the Mλ ’s. 
2.2. Restricting to faithful torsion pairs or semiperfect right poised rings
In the sequel we assume either (T ,F) is faithful or the ring R is semiperfect and right poised (i.e. the small right R-
modules are ﬁnitely generated). Semiperfect right noetherian rings, right perfect rings, and right artinian rings are examples
of semiperfect right poised rings.
By Lemmas 2.5, 2.6 the heart H(T ,F) admits a small projective generator P with H0(P) ﬁnitely generated.
Therefore we can assume the modules P0 and P−1/ ImdP−2, from the small projective generator P , are ﬁnitely gener-
ated. In fact, since H0(P) is ﬁnitely generated, it is possible, by the following standard construction (see for instance [8,
Lemma I.4.6]), to realize a complex · · · → P ′−1 → P ′0 → 0 quasi-isomorphic to P with projective terms and P ′0 ﬁnitely gener-
ated. Consider a ﬁnitely generated projective module P ′0 with an epimorphism P ′0
g0→ H0(P). Lift g0 to a morphism P ′0
f0→ P0
and construct the pullback L−1 between f0 and the morphism ImdP−1 → P0. Choose a projective P ′−1 with an epimorphism
P ′−1 → L−1 and consider the obvious morphisms P ′−1
g−1→ ImdP−1 and P ′−1
δ−1→ P ′0. Lift g−1 to a morphism P ′−1
f−1→ P−1 and
obtain the commutative diagram
P−1
dP−1 P0
P ′
f−1
δ−1 P ′
f0−1 0
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a projective P ′−2 with an epimorphism P ′−2 → L−2 and consider the obvious morphism P ′−2
g−2→ ImdP−2 and P ′−2
δ−2→ P ′−1. Lift
g−2 to a morphism P ′−2
f−2→ P−2 and obtain the commutative diagram
P−2
dP−2 P−1
P ′−2
f−2
δ−2 P ′−1
f−1
Continuing in this way, we construct a complex P ′ quasi-isomorphic to P with the term in degree zero ﬁnitely generated.
Then, by Lemma 2.7, it is not restrictive to assume that also P−1/ ImdP−2 is ﬁnitely generated.
Since R is semiperfect, P−1/ ImdP−2 admits a projective cover Q−1. Then we have a short exact sequence
0 → K → Q−1 α→ P−1/ ImdP−2 → 0
with K superﬂuous in Q−1. Denote by dP−1 the morphism P−1/ ImdP−2 → P0 induced by dP−1, and by δ−1 the composition
dP−1 ◦ α. Let P be the mapping cone of the morphism Q−1
δ−1→ P0. We want to prove that T = X (P) and F = Y(P) and
hence (T ,F) is an HKM-torsion pair.
Lemma 2.8. LetP be the mapping cone of the morphism Q−1
δ−1→ P0 and Ω the kernel of δ−1 . A right R-module M belongs to X (P)
if and only if one of the following equivalent conditions is satisﬁed:
(1) Ext1R(H
0(P),M) = 0 and φ(Ω) = 0 for each φ ∈ Hom(Q−1,M);
(2) Ext1R(H
0(P),M) = 0 and Hom(δ−1,M) is surjective.
A right R-module N belongs to Y(P) if and only if Hom(H0(P),N) = 0; in particular Y(P) =F .
Proof. For any M ∈ Mod-R , by [9, Lemma 2.2] it is
HomDb(R)
(
P,M[1])∼= Coker(HomR(δ−1,M)
);
applying Hom(−,M) to the diagram
0 Ω Q−1
δ−1 P0 H0(P) 0
I
we get the exact sequences
0 → HomR(I,M) θ→ HomR(Q−1,M) → HomR(Ω,M) → Ext1R(I,M) → 0,
0 → HomR
(
H0(P),M)→ HomR(P0,M) ψ→ HomR(I,M) → Ext1R
(
H0(P),M)→ 0.
From these exact sequences we get the short exact sequence
0 → Cokerψ → Coker(θ ◦ ψ) → Coker θ → 0, i.e.
0 → Ext1R
(
H0(P),M)→ HomDb(R)
(
P,M[1])∼= Coker(HomR(δ−1,M)
)→ Coker θ → 0.
Therefore M belongs to X (P) if and only if Ext1R(H0(P),M) = 0 and Coker θ = 0. Finally, Coker θ = 0 if and only
if HomR(Q−1,M) → HomR(Ω,M) is the zero map, i.e. φ(Ω) = 0 for each φ ∈ Hom(Q−1,M). Under the condition
Ext1R(H
0(P),M) = 0, the latter is equivalent to the surjectivity of Hom(δ−1,M) = θ ◦ ψ .
By [9, Lemma 2.3], for each M ∈ Mod-R it is HomDb(R)(P,M) = 0 if and only if HomR(H0(P),M) = HomR(H0(P),M)
= 0; therefore we conclude Y(P) = KerHomR(H0(P),−). 
Since Y(P) = KerHomR(H0(P),−) =F , to prove that X (P) = T it is suﬃcient to verify that (X (P),Y(P)) is a torsion
pair. By [9, Theorem 2.10], this happens if and only if H0(P) belongs to X (P) and X (P) ∩Y(P) = 0.
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Proof. Let W belong to X (P) ∩Y(P); since Y(P) =F , the complex W [1] belongs to the heart H(T ,F). Assume W = 0;
since P is a generator of H(T ,F), there exists a non-zero morphism ψ : P → W [1]. Consider the following diagram of
morphisms between complexes:
0 Q−1
α
ι
δ−1 P0 0
P−1/ Imd−2
dP−1
dP−1
· · · P−2
dP−2 P−1
β
ψ−1
dP−1 P0 0
0 W 0
Since ψ−1 ◦ dP−2 = 0, there exists η : P−1/ Imd−2 → W such that ψ−1 = η ◦ β . Since W belongs to X (P), we have
HomDb(R)(P,W [1]) = 0; then there exists a map γ : P0 → W such that γ ◦ δ−1 = ψ−1 ◦ ι. Therefore we have γ ◦ dP−1 ◦α =
η ◦ β ◦ ι = η ◦ α. Since α is surjective, it is γ ◦ dP−1 = η and therefore
ψ−1 = η ◦ β = γ ◦ dP−1 ◦ β = γ ◦ dP−1.
Then ψ :P → W [1] would be homotopic to zero: contradiction. 
Lemma 2.10. ([10, Lemma B.1]) Consider the following diagram in Mod-R with exact rows
C
f
h
C ′
p
C ′′
q 
0
0 L M g N
There exists q : C ′′ → M such that g ◦ q =  if and only if there exists p : C ′ → L such that p ◦ f = h.
Lemma 2.11. H0(P) belongs to X (P).
Proof. We know by Proposition 2.4 that Ext1R(H
0(P), H0(P)) = 0. Let Ω be the kernel of Q−1 δ−1→ P0. To prove that
H0(P) belongs to X (P), by Lemma 2.8 it is suﬃcient to verify that φ(Ω) = 0 for each φ ∈ HomR(Q−1, H0(P)). Since
Ext1H(T ,F)(P, X) = HomDb(R)(P, X[1]) = 0 for any X ∈ T , any map θ : P−1 → X such that θ ◦ dP−2 = 0 extends to a map
P0 → X : indeed such a θ induces a morphism of complexes P → X[1]. In particular, any map P−1/ ImdP−2 → X extends to
a map P0 → X , for each X ∈ T . Let us consider the diagram
0 K
ε
ι Q−1
φ
α P−1/ Imd−2
θ
dP−1
0
P0
ψη
0 φ(K ) H0(P) π E 0
where E is the pushout of α and φ. Clearly E belongs to T . For what we have observed, there exists ψ : P0 → E such that
ψ ◦ dP−1 = θ . Since P0 is projective, there exists a map η such that ψ = π ◦ η. Therefore θ = ψ ◦ dP−1 = π ◦ η ◦ dP−1. Then,
by Lemma 2.10 there exists a map β : Q−1 → φ(K ) such that β ◦ ι =  . Thus, for each q ∈ Q−1, there exists k ∈ K such that
β(q) = ε(k) = β(ι(k)); so Q−1 = ι(K ) + Kerβ . Since ι(K ) is superﬂuous in Q−1, we have Q−1 = Kerβ , i.e. φ(K ) = 0, and
hence π is an isomorphism. Then φ extends to P0, and hence φ(Ω) = 0. 
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Theorem 2.12. If the heartH(T ,F) of a torsion pair (T ,F) inMod-R is equivalent to a module category and either (T ,F) is faithful
or R is semiperfect and right poised, then (T ,F) is an HKM-torsion pair.
Proof. Since F = Y(P) by Lemma 2.8 and (X (P),Y(P)) is a torsion pair by Lemmas 2.9, 2.11 and [9, Theorem 2.10], we
have (T ,F) = (X (P),Y(P)). 
By [9, Theorem 2.15] and Theorem 2.12 we get immediately the following two corollaries:
Corollary 2.13. Let R be an arbitrary associative ring. If (T ,F) is faithful, then the heart of (T ,F) is equivalent to a module category
if and only if (T ,F) is an HKM-torsion pair.
Corollary 2.14. If R is right poised and semiperfect, then the heart of a torsion pair (T ,F) is equivalent to a module category if and
only if (T ,F) is an HKM-torsion pair.
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